Clifford Homomorphisms and Higher Spin 
Dirac Operators 



Yasushi Homma* 



Abstract 

We present a generalization of the Clifford action for other repre- 
sentations spaces of Spin{n), which is called the Clifford homomor- 
phism. Their properties extend to the ones for the higher spin Dirac 
operators on spin manifolds. In particular, we have general Bochner 
identities for them, and an eigenvalue estimate of a Laplace type op- 
erator on any associated bundle. 



Introduction 

Let M be a n- dimensional spin manifold and Spin(M) be its spin struc- 
ture. The irreducible unitary representation (vr^, Vp) of Spin{n) induces a 
vector bundle Sp associated to Spin(M). We consider the canonical co- 
variant derivative V mapping from r(M, Sp) to T{M, Sp ® T*(M)). If we 
decompose the tensor bundle Sp ® T*(M) into irreducible bundles, then we 
can construct first order differential operators associated to V, 

: r(M, Sp) ^ r(M, Sp ® T*(M)) ^ T{M, S^J. (0.1) 

Here 11^^ is the orthogonal projection onto an irreducible bundle Sx^ from 
Sp(M) ® T*(M). These operators are called the higher spin Dirac operators, 
the generalized gradient, or the Stein- Weiss operators, which are conformal 
invariant first order differential operators. Many basic and geometric op- 
erators on M are constructed in this way; the Dirac operator, the twistor 
operator (see 0, and [|^), the exterior derivative, its adjoint, the con- 
formal killing operator (see and [[I^); the Rarita-Schwinger operator (see 
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H^) and so on. As in these examples, the higher spin Dirac operators and 
their properties are closely related with geometry and topology of M (see 
the references given above and [Q], [Q, etc.). 



Now, we consider the Dirac operator as a basic example. We denote 
the spinor representation of Spin{n) by (tt^, Va). Then the Dirac operator 
D is nothing else but the higher spin Dirac operator D'^, and the projection 

is realized by using the Clifford algebra. The Clifford algebra gives us a 
lot of information about the Dirac operator. For instance, we can prove the 
ellipticity, the conformal invariance, and the Bochner identity of D (see 
and [0). As this example, the projection 11^^ in ( p.lD is an essential tool to 
investigate the higher spin Dirac operators. Since the projection is defined 
fiberwise, we consider the tensor representation (tt^ (g) ttaci, Vp ® R") and the 
projection 11^^ onto an irreducible component Va^. For any u in R", we have 
a homomorphism Px,^{u) from Vp to Va^., 

R''xVp3 (u, 0) ^ := n^,(0 ® e Vx,. (0.2) 

We call this homomorphism the Clifford homomorphism. On the spinor 
space, p^(m) is the usual Clifford action u-. So the Clifford homomorphism 
is a generalization of the usual Clifford action. 

The aim of this paper is to study the Clifford homomorphisms and the 
higher spin Dirac operators. Since we can extend the Clifford homomor- 
phisms to bundle homomorphisms, some relations among the Clifford ho- 
momorphisms induce the ones among the higher spin Dirac operators. In 
particular, we have general Bochner identities. Furthermore, these identi- 
ties allow us to give a lower bound of the first eigenvalue for a Laplace type 
operator on each associated bundle. 

In section |l], we review the Clifford algebras, the spin groups, and their 
representations. In particular, we introduce the Casimir operator and the 
conformal weights. In section |^, we decompose the representation space 
V^(8>R" into irreducible components as a Spin{n)-modn\e (or spin(?T,)-module) 
and define the Clifford homomorphisms. We investigate these homomor- 
phisms and give an explicit formula of the projection 11^^. As an example, 
we give explicit decompositions of Va®R" and A'^(R") (gjR'^, where (tta, Va) 
means the spinor representation and (vr^fc, A'^(R")) is the k-th exterior prod- 
uct representation. In section ^ and ^, we study the higher spin Dirac op- 
erators and give some relations among them. Then we have the Bochner 
identities for the higher spin Dirac operators. In the last section, we give a 
lower bound of the first eigenvalue of a Laplace type operator constructed in 
section ^. This is a generalization of the eigenvalue estimates known about 
the Dirac operator and the Laplace-Beltrami operator. 
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1 Preliminaries: representations of Spin{n) 



In this section, we give a short review to the CUfford algebras, the spin 
groups, and their representations. Let R" be the n-dimensional Euchdean 
space with orthonormal basis {ek}k=i- The ChfFord algebra CZ„ associated to 
R" is an associative algebra with unit generated by {ck} under the relations 
CfcC; + ejCfc = —25ki- We denote the complcxification of CZ„ as CZ„. 
We define the Lie algebra spin(n) in CZ„ by 

5pin(n) := spanjj^{[efc, ei\\l <k,l < n}, (1.1) 

where [e^, e;] := e^e; — e^e^ and the Lie bracket is [a, 6] := ah — ha for a 
and h in spin(n). The basis of spin(n) is {[efc,e;]}fe</ = {2ekei}k<i- We put 
exp(a) '-—Yli^ for a in CZ„ and obtain the spin group Spin{n), 

Spin{n) :— exp5pin(n) C Cln- (1.2) 

If we would like to think of the spin group as a double covering group of 
SO{n), we use the adjoint representation 7rAd of Spin{n) on R", 

Spin{n) X R" 9 {g, x) i-^ TrAdig)^ = 9^9"^ ^ R"- (1-3) 

Then we have the isomorphisms so(n) ~ spin(n), where [ek,ei] corresponds 
to the n X n matrix —4:Eki + A^Eik. The KiUing form gives an inner product 
on spin(n) as follows: 

([cfe, ei\, [ei, ej]) = 325ikSji for /c < / and i < j. (1.4) 

The irreducible unitary representations of Spin{n) or spin(n) are parametrized 
by dominant weights p = (p^ • • • , p"') e Z"^ U (Z + 1/2)™, satisfying that 

pi > ... >p"^-i > |p™|, forn = 2m, (1.5) 
pi > ... > > > forn = 2m + l. (1.6) 

The dominant weight p is the highest weight of the corresponding represen- 
tation ((Kp,Vp). Here, we use the same notation for the representation of 
Spin{n) and its infinitesimal representation of spin(n). When writing dom- 
inant weights, wc denote a string of j fc's for A; in Z U (Z + 1/2) by kj. For 
example, ((|)p, (|)m-p) is the weight whose first p components are | and 
others are |. 

We shall introduce the Casimir operator and the conformal weights. Let 
(TTp, Vp) be an irreducible representation with highest weight p. The Casimir 
operator on Vp is defined by 

Ctt, = ^5^7rp([ei,ej])7rp([ei,ej]) = ^"(1^^' ^^l)" ^^'^^ 
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This operator commutes with the action of Spin{n). So the Casimir operator 
is a constant c(p) on V^: 

c{p):=-l{\\s+pr-\m. (1.8) 

Here the inner products on the weight space is the standard one, that is, 
IIpP = (p, p) := Yl ■, and 5 is half the sum of the positive roots. 

We consider the tensor representation (vTp^vrAd, V^®R") — {t^p®t^ka, Vp® 
C") and its irreducible decomposition vTp ® vrAd — ttaq © vta^ © ■ ■ • © vta^. To 
identify the irreducible components, we need the Casimir operator or the 
operator C given by 

^^:=ap0.Ad-C., ©l-l^C^Ad- (1-9) 
It is easy to show that 

^ = ^Y. ^''([^*' ^^-l) ® ^Ad([e„ e,]). (1.10) 

This operator C is a constant on the irreducible component Va^- This con- 
stant is called the conformal weight for (see |^) and given by 

m(Afe) : = c(Afc) - c(p) - c(Ad) 

= 2(^- ll^ + ^fclr + ll'^ + z^ll 
2 Clifford homomorphisms 

We shall discuss the Clifford homomorphisms. Before we define the Clifford 
homomorphisms, we recall the usual Clifford action on spinor spaces. We 
consider the complex spinor representation (IIa, Va) of Spin{n). For n = 2m, 
we remark that the spinor space Va splits to Va+ © Va- as a S'pm(n)-module. 
We adopt the following definition of the Clifford action. When n is 2m+l, the 
representation space Va © R" splits to Vr © Va as a S'pm(n)-module, where 
the highest weights A and T are ((1/2)^) and (3/2, (l/2)m-i) respectively. 
If we have a vector © u in Va © R", then we can project the vector onto Va 
along Vt orthogonally. This projection gives the Clifford action of R*^, u ■ (p. 
This action satisfy the relation CiCj + ejCi = —26ij and extends to the action 
of Cln- When n is 2m, the same discussion holds, so that we can define the 
Clifford action satisfying R"'(Va±) = Vat- We apply this definition to other 
representations. 
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Let us consider an irreducible unitary representation (vTp, Vp) and the 
tensor representation vr^ ® ttaci — t^Xq © ■ • ■ © ttx^^ ■ Since all weights of the 
adjoint representation vrAd have multiplicity one, each irreducible constitute 
of (vTp^TTAd, V^p©R") has multiplicity one. In fact, Fegan shows the following 
fact in §. 

Lemma 2.1 (D^). IfVp ® R" = is the irreducible decomposition as a 

Spin{n) -module (or a spin{n) -module), then the highest weight of irreducible 
components is given as follows: 

1. When n is 2m, A is dominant weight and X = p ± fii {1 < i < m). 

2. When n is 2m + 1 and > \, \ is dominant weight, and X = p or 
X = p ± Pi {1 < i < m). 

3. When n is 2m + 1 and p"^ is 0, X is dominant integral, and A = p + pm 
or X = p ± Pi (1 < z < m — 1) . 

Here p = {p^,p'^, ■ ■ ■ , p"^) and pi = (Oj„i, l,Om-j)- The conformal weight of 
irreducible components is given as follows: 

m{p + Pi) = i - 1 - p\ m{p- Pi) =n + p' -i-1, m(p) = ^(n - 1). 

(2.1) 

We remark that the highest weight p + pi called top term certainly occurs 
once in the decomposition. If we employ the lexicographical order for the 
weight space, then we arrange the highest weight {Afc}o<A:<Ar to satisfy p + 
/ii = Ao > Ai > ■ ■ ■ > Aiv- Lemma ^]T] implies that their conformal weights 
reverse as — = m(Ao) < '^(Ai) < ■ ■ ■ < m^X^) except the following case: 
when n = 2m, p"^~^ > 1, and p™ = 0, we have m(p + pm) = m{p — pm)- 
This case is said to be the exceptional case. 

The inner products (■, ■) on Vp and R" give the one on Vp © R" where 
irreducible components are orthogonal to each other. Then we have the 
orthogonal projection 11^^ onto irreducible component V\^ from Vp © R". 
This projection induces a homomorphism from Vp to V\^. 

Definition 2.1. Let Vp © R" = ^ V\^ be the irreducible decomposition as 
a 5'pm(n)-module. For each irreducible component V\^, we have the bilinear 
mapping 

ic^Vp3 K0) ■= n^,(0®«) e v^A,. (2.2) 

We call the linear mapping Px^{u) : Vp — » for all u in R", the Clifford 
homomorphism from Vp to Vx^. 
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We denote by {Px^{u))* the adjoint operator of Px^{u) with respect to 
the inner products on Vp and V\^. If we consider the tensor representation 
Vaj. = Yli ' then we find the irreducible component Vp and the Chfford 
homomorphism Pp''{u) is {Px^{u))* up to normahzation. 

From now on, we shall investigate the Clifford homomorphisms. Since the 
Clifford homomorphisms is defined by a projection mapping, we can easily 
notice the following fact. 

Proposition 2.2. Foru,v mR", the Clifford homomorphisms {px^{u))*Px^{v) 
satisfy that 

EKM)Va,M = («,^) onVp. (2.3) 

k 

Proof. For (j)®v and ip ® v m Vp ® R"^, we have 

{(j)®V,ll)®u) = {(j),^jj){u,v) = {{u,v)(f),ip). 
On the other hand, we have 

{(p^v,ij®u) = ^{pi^{v)(f),p1^{u)^) = (^(p^^(u))X,(^)0,^)- 

k k 

Since these equations hold for all ip in Vp, we have proved the proposition. ■ 

Next, we show an important lemma to give relations among the Clifford 
homomorphisms . 

Lemma 2.3. The Clifford homomorphism p1^{u) from Vp to Vx,^ satisfies the 
relation 

~iZl^Afe(ei)7rp([ei,u]) = m{Xk)p''x^{u) , (2.4) 

i 

where {ci}^^-^ is any orthonormal basis o/R". 

Proof. To prove the lemma, we use the operator C given in section |l|. For 
® M in ® R", we have 

C{(f)®u) = ^^TTp{[es,et])(/)(g) [[es,et],ei]{ei,u) 

s,t,i 

= np{[es,et])(t><S) {^siCt - 6ties){ei,u) 

s,t 

= ^X^7rp([M,et])0® et 
I 

= iZl^A,,(et)vrp([M,ei])0. 

k,t 
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The operator C is the constant m{Xk) on Va^., so that C{(p<S)u) = m{Xk)Px^{u)(j). 
Hence, we conclude that 
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This lemma leads a relation among the Clifford homomorphisms. 

Proposition 2.4. M^e sum up the Clifford homomorphisms {p'\^,{u))* p''y^^{v) 
for all Afc with its conformal weight. Then we have 

J2^{XMS^))*piSv) = -\7r,{[u,v]). (2.5) 

k 

Proof. We substitute ( |2.4| ) into J2k^('^k){Px ('w))*Pa('^) relation 

02: 



As this proposition, we give many relations among the Clifford homomor- 
phisms. 

Theorem 2.5. For an irreducible representation (vTp, Vp) and any non-negative 
integer q, we define the bilinear mapping from R" x R" to End(V^) as fol- 
lows: 



: R" X R" 9 (m, v) ^ 

4) Yl ^pil'^^^h])'^pi[eh,ei2])---Trp{[ei^_„v]) eEnd{Vp), (2.6) 



and rp{u,v) := {u,v). Then we have relations among the Clifford homomor- 
phisms for any q: 

Ym{X,npi^{u)rp{^{v) = rl{u,v). (2.7) 

k 

As a corollary of this theorem, we give a description of general Casimir 
operators. Let f/(spin(n)) be the enveloping algebra of 5pin(n). Then the 
general Casimir operator is said to be an element of the center of U{spin{n)) 
or its image by vr^ for the representation (vTp, V^). In |jl6|, we know gen- 



erators of the general Casimir operators and its action on the irreducible 
representations. The generators are given by 

(-^) Yl ^p(hi^(^i2])^piK^(^h])---^piK^(^h])- (2-8) 
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Corollary 2.6. The Clifford homomorphisms X^fc i ^(-^fc)''(PAfc(^*))*PAfe(^i) 
for q > generate the general Casimir operators for {iTp, Vp) except the Pfaf- 
fian type Casimir operator in the remark below. 

Remark 2.1. For n = 2m, we need the Pfaffian type Casimir operator to 
generate the center of f/(spin(2m)), that is, 

Pfp := ^ sig(cr)7rp([e^(i),e^(2)])vrp([e^(3),e^(4)]) ■ ■ •7rp([e<^(2„_i),e^(2™)]). 

(2.9) 

We can show a relation between this operator and the Clifford homomor- 
phisms, 

Xlp(Afc)(PA,(ei))*PA,(ei) = Sijp{p) + 

k 

8m{l-5ij)sgn{]'j::: IZ) ^ sgn(o-)7rp([e^(i),e^(2)]) ■ ■ ■vrp([e^(2„^i),e^(2r„)]), 

a"e52m 

(2.10) 

where S2m is the permutation of {1, ■ ■ ■ ,2m} \ and p(p) is a scalar 

action of Pfp on Vp as 

p(p) = (v^)"^8"^m!(p^ + m - l)(p2 + m - 2) ■ ■ ■ (p'""^ + l)p'". (2.11) 

If we define the bilinear mapping pfp(-, ■) from R" x R" to End(V"p) by the 
right hand side of ( ^.101 ), then the trace of pfp(-, ■) is nPfp. 

Now, we know that the usual Clifford action satisfies that 

{gug-^) ■ ct> = 7t^{g){u ■ {Mg~'m, (2.12) 

where is in Va and g in Spin{n) (see []TB[). We generalize this relation. 

Proposition 2.7. Let u he in R" and g he in Spin{n). The Clifford homo- 
morphism {u) satisfy that 

piSaug-') = n,^ig)p';^^iu)7rpig-'). (2.13) 
Proof. For in Vp, we have 

Pi,{9ug~^)(j) = Il1^{7Tp{g)'!Tp{g-^)(j) (g) 7rAd{g)u) 
= n^,(7rp®Ad(^)(7rp(^"^)(/)®M)) 

= T^Xki9)piSu)7rp{g-^)(p. 
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As a corollary of Proposition |2.7] , we have a formula of the projection 11^^ by 
using the Clifford homomorphisms. 

Corollary 2.8. The orthogonal projection 11^^ : Vp ® R" Va^. is realized 
as follows: 

n'A,(0®«) = EK(e.))K(«)(0)®e,. (2.14) 

i 

Proof. Let be an irreducible component oi Vp® R". We consider the 
following embedding from to ® R", which dose not always preserve 
their inner products: 



The map is independent of the orthonormal basis of R" which we chose, 
and commutes with the action of Spin{n) . Since the irreducible component 
of ® R" has multiplicity one and ix,, is not zero, we prove that the map 
^Afc is a well-defined embedding. 



For ® M in ® R", we have 



(j)<^u = ^(w, ei)(f) ® Ci 

i 

= ^^(PAfc(^«))*PAfc(^)(^^) ® ( from Proposition p72 



This completes the proof of Corollary |2.8|. 



This corollary and Theorem |2.5| allow us to have an explicit formula of the 
projection 11^^. We define the (A^-|- 1) x (A^+ 1) matrix M = {mij)o<ij<N by 
rriij := m{Xjy, which is a Vandermonde matrix. Since the conformal weights 
are different from each other except the exceptional case, the inverse matrix 
of M exists. From (|2.7|) and ( p.l4|) , we have a formula of 11^^, 

n^^(0®u) = J2^kqr1,{ei,u)(j)®ei. (2.15) 

i,q 

Here, riij is the (i, j)-component of M~^. If we set Sj{xo, ■ ■ ■ , fj, ■ ■ ■ , x^) as 
the j-th fundamental symmetric polynomial of {xq, Xi, - ■ ■ , Xn} \ {xi}, then 



77,, 



^_- SN-j{m{Xo),--- ,m{Xi),--- ,m(Ajv)) 
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In the exceptional case that n is even, p"* > 1, and = 0, the conformal 
weight of A+ := p + p^ coincides with the one of A_. := p — Pm- So we use 
pf p given in ( |2.1CI| ) to obtain a formula of 11^^ . It is easy to show that 

p(A+)(K^(e,))X+(e.) +p(A-)(pL(e,))X_(e.) = pf,(e„e.). (2.17) 

It follows that we realize the projection of 11^^ by using and pf^. 
We shall state some examples of the Clifford homomorphisms. 

Example 2.1 (Spinor). We discuss only the case of n = 2m + 1 and leave the 
case of n = 2m to the reader. Let Va be spinor space which is an irreducible 
representation space with highest weight ((1/2)^). It follows from Lemma 
that the vector space Va ® R" is isomorphic to Va © Vr- Here, Vt is the 



representation space with highest weight (3/2, (l/2)m_i). From Theorem 
we have 

(Pt(«))>t(^) + {Pi{u)ypi{v) = {u,v), (2.18) 
-liPTiuWp^iv) + "^{ptiuWp^iv) = -\n^{[u,v]), (2.19) 

for u and v in R". It follows that we give the usual Clifford relation 

{ptiu)rpt{v) + ipt{v)rpt{u) = -{u,v). (2.20) 

n 

Since is a constant multiple of the Clifford action u- satisfying {u ■ (p,ip) = 
— {(f>,u ■ ip), we have Pa(^) — (Pa('"))* — Furthermore the 

representation of spin(n) on spinor space is realized as 7rA([ej, e-,]) = [cj-, Cj-]. 
The orthogonal projections 11^ and 11^ are 



ni(0 ®u) = X^{;^(e», u) - ^7rA([ei, m])}(0) ® e 

= Ci ■ U ■ (j) ® Ci, 

n ^-^ 

n^(0(g)M) = (ei,M) + — 7rA([ei,M])}(0) (g) Ci 

^ — ^ n In 

= (J) ® u-\ — y Ci ■ u ■ (j) ® Ci. 



(2.21) 



(2.22) 



Example 2.2 (Exterior algebra). We shall discuss the exterior tensor product 
representation (vr^fe, A'^(R")) with highest weight p = (lfc,Om_fc) for 1 < 
k < m. There are three irreducible representations Aq = (2, lfc_i, O^-fe), 
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Ai = (lfe+i,0^_fe_i), and A2 = (l^-i, 0^_fc+i) in A'=(R") R". We realize 
the Clifford homomorphisms as follows: 

(2.23) 

(PMi^jWPxM) = (^ + i)[^_2fc) ^^^ ~ ^^'^^^^ + - ^ - ei) - r^(ej, e 

(2.24) 

(PA2(ej))X2(ei) = (^_2A;)(l-A; + i) ^~^^^^' ~ ~ e^) + r2(e,-, e^)). 

(2.25) 

In general, it holds that r^(M, w) — r'^{v, u) = {n — 2)r^(M, f ). Then we have 
{k + l)(p^,(e,))X(e,) + (n - A; + l)(p^,,(e,))X(e,) = (2-26) 

and 

{k + !){(/., (e,))VM(e.) - (p^M(e.))X(e,)} 
= (n - + l){(p^,,(e,))VA,(eO - {viMWxM) (2.27) 
=rj(ej-,ei) = -^7rp([ej-, e^]). 

These equations correspond to the following relations, respectively: 

^{^3)^^^ + ejr,i{ei) = (2.28) 
i{ei)ej^ - i{ei)ej^ = ejA^(ei) - eir,i{ej) = ~np{[ej, e,]), (2.29) 

where i{u) is the interior product of u. So we put 

Then the projections are realized as 

n^^(0®ii) = ^^^^(eOiiA0®ei, (2.31) 

n^^((/.(g)H) = VeiAi(^i)0®ei, (2.32) 

<^ u) ^ (f) u - U{{(f) (^u)- U^{(f) u). (2.33) 

11 



If we consider the (exceptional) case that n is 2m and the highest weight p 
is (lm-1,0), then we have four irreducible representations, Aq = (2, l„i„i,0), 
(Ai)+ = (IJ, (Ai)_ = (l„„i,-l), and A2 = (1^-2, O2) in A— ^(R^'") ® R^-. 
We denote the Hodge star operator by the asterisk * and have 

n(AO+(<^®«) = ^5Z^(ei)^(l + *)MA0®e,, (2.34) 
n^AoJ*^®") = ^^i{ei)]^{l-*)u;,(t)®ei. (2.35) 



3 Higher spin Dirac operators 

In this section we shall discuss the higher spin Dirac operators. Let M be a 
n-dimensional spin manifold and Spin(M) be its spin structure (If M dose 
not have a spin structure, we should consider only the representations of 
SO{n)). For an irreducible unitary representation (vTp, V^) of the structure 
group Spin{n), we have a vector bundle Sp associated to Spin(M), 

Sp:=Spin(M) XpVp. (3.1) 

We introduce a covariant derivative on T{M, Sp) associated to the spin con- 
nection or the Levi-Civita connection, 

V : r(M,Sp) ^ r(M,Sp®T*(M)). (3.2) 

If we decompose Sp ® T*(M) into the direct sum of irreducible components, 
^Afc, then we construct a first order differential operator from T{M, Sp) to 
r(M, Saj.) called the higher spin Dirac operator, 

: r(M, Sp) ^ r(M, Sp T*{M)) r(M, SaJ. (3.3) 

From Proposition p.7| , we show that the bundle homomorphism p^^(X) from 
Sp to Saj. is well-defined, where X is in r(M, T{M)). Then we have a formula 

K = EPA,(e.)Ve. : r(M,Sp) ^ r(M,SAj. (3.4) 

Here, {cj} is an orthonormal frame of T{M) ~ T*{M). We set a formal 
adjoint operator of by {D{J* := ^ -{pi^{ei)yVei. 

We shall extend the relations among the Clifford homomorphisms to the 
ones among higher spin Dirac operators. First, we show that the sum of 
the higher spin Dirac operator {D'^^)*D'^^ for < < is the connection 
Laplacian. 
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Proposition 3.1. Let V*V is the connection Laplacian on r(M, S^) defined 
by ^ — VeiVg.; and S^;. be the irreducible decomposition of Sp <S) T*{M). 
Then 

^*^ = J2^KyK- (3-5) 

k 

Proof. For any x in M, we can find a local orthonormal frame {cj} such that 
(Veiej)j; = for any i and j, so that {'^eiP\f^{^j))x — 0. Then we have 

j:iKrK = EE-K(e.))K(e.)Ve,V, 

k i,j k 



Next, we introduce a curvature transformation on Sp. For X and Y in 
r(M,r(M)), the curvature Rp{X,Y) is defined by 

RpiX, Y) = VxVy - Vy Vx - V[x,Y] e r(M, End(Sp)). (3.6) 

This curvature leads the curvature transformation in r(M, End(Sp)), 

•= ^E^p([ei'ei])^p(ei'ej). (3.7) 

For example, i?^ is k/8 and is Ric, where k is the scalar curvature 
and Ric is the Ricci curvature transformation. We show that the sum of 
{D'^J*D'^^ with conformal weight is the curvature transformation. 

Proposition 3.2. Let R^ be the curvature transformation on Sp as above. 
Then we have 

Rl-J2^{Xk){DiJ*Di^. (3.8) 

k 

Now, we define a family of self adjoint differential operators on T{M, Sp) 
by i?^ := Ylij~''^pi^ii^j)'^i'^j f*^^ ^ 0. If g is even and M is compact, 
then Rj^ is a non-negative operator and keri?^ is ker V, that is, the space of 
parallel sections. 
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Theorem 3.3. The sum of higher spin Dirac operators with the 
q-th power of conformal weight is Wj^: 

Rl = Y.m{\,nDljDl. (3.9) 

k 

This implies an explicit formula of (V^^)* D'^^ as follows: 

iD{jD{^=Y,nk,R% (3.10) 



where is a constant given in ( |2.16D and, for the exceptional case, we think 



of the direct sum of Sp+^„ and Sp-^^ as only one component of ^ Sa^ . 

Remark 3.1. We can define a differential operator Pp by Pp := ^ pfp(ej, e^) Ve^ Ve 
Since pfp(ej,ej) = — pfp(ej,ej) for the exceptional case, the operator Pp is a 
curvature transformation. 

Example 3.1 (Spinor). We have two higher spin Dirac operators on spinor 
bundle Sa, that is, the Dirac operator D and the twistor operator T. Our 
higher spin Dirac operators : r(M, Sa) r(M, Sa) and : r(M, Sa) ^ 
r(M, St) satisfy that 

{DiYDi + {D^yO^ = V*V, (3.11) 
-liD^TD^ + ^{DtTDi = Ri = ^K. (3.12) 

So we set := -^D and := Then we have Bochner identities, 

D2 = v*V + ^fi:, T*r = V*V-— ^ — tK. (3.13) 
4 4(n - 1) 



It is from the projection formula ( [2.22 ) that twistor operator is realized as 
follows (see g and §): 

^t(0) = 5ZPT(e^)Ve,0 = $^(Ve,0 + ^e,D0) ® e,. (3.14) 

i 

Now, we assume that M is compact and A° is the first eigenvalue of D^. 
To give a lower bound of A°, we rewrite the identity ( p. 121) as 



= —^^K + '^T*T. (3.15) 
4(n - 1) 2n ^ ^ 

This identity indicates that A° > j(^z:Yji^o, where kq is min2;gM (see 
and §). 
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Example 3.2 (Differential from). We consider the k-th differential forms A^(M). 
Tlien we obtain tliree liigfier spin Dirac operators, 



d := ^/kTlD{^ : r(M, k^{M)) ^ r(M, A'=+^(M)), (3.16) 

dr ■= -Vn-k+lDl^ : r(M, A'=(M)) ^ r(M, A'=-i(M)), (3.17) 

C := Dl : r(M, A'=(M)) ^ r(M, Sa^)- (3.18) 

Here C is called the conformal killing operator whose kernel is the space of 
conformal killing forms. It follows from Theorem ^]3| that 

C*C + -^d*d+ ] dd* = V*V, (3.19) 

k+1 n-k+1 ^ ' 

-C*C + T-^d*d + "^'^ dd* = Rl (3.20) 
k + 1 n — k + 1 ^ 



+ 1—Td*d + r^dd* = Rl (3.21) 



, d*d + ^ , 

k+l n-k+l 

The first and second identities give the Bochner identity for differential forms. 
The projection formula (|2.33| ) leads a formula of C (see 



C(0) = y"(Vi0 - j^i{ei)d(t) + L^e^rfV) ® e,. (3.22) 

Example 3.3 (Higher spin fields on anti self-dual A-manifolds). Let M be an 
anti self-dual 4-dimensional spin manifold and 8^,^ be the vector bundle cor- 
responding to the highest weight p := {k + l,k — I) for /c, / in Z U (Z + 1/2). 
We remark that S^,; corresponds to the representation of TTfc^vr; of Spin{A) = 
SU(2) X SU{2), where iik is a spin k representation of SU(2). We consider 
the vector bundle S^^o and have two higher spin Dirac operators, 

Do : r(M, Sfc,o) ^ r(M, Sfc+1/2,1/2), (3.23) 
Di : r(M, Sfc,o) ^ r(M, Sfc_i/2,i/2). (3.24) 
The relations between Dq and are 

{DoTDo + (A)*A = V*V, (3.25) 
-kiDoTDo + ik + l)(Di)*Di = Rl,. (3.26) 

Since M is an anti self-dual manifold, we can show that the curvature trans- 
formation g is ^^'^^^K. We set Di := ^{2k + l)/kDi and give the Bochner 



identity for Di (see [|l| and flO 



{DiYDi = VV* + ^^^K. (3.27) 

6 

The identity (|3.26| ) gives a lower bound of the first eigenvalue A" of {Di)*Di, 
that is, A° > ^kq. 
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4 General Bochner identities 

We have considered some Bochner identities in the previous section. It allows 
us to give a general Bochner identity on any associated bundle Sp. We have 
known the following two identities: 

J2 iKTK = v*^' (4-1) 

0<fc<Af 

J2 m{\,){DijDi^ = Rl, (4.2) 

Q<k<N 

where we order {\k} to satisfy that Aq > Ai > ■ ■ ■ > Aat. We eliminate 
(D^^)*D^^ from above two equations and obtain a general Bochner identity 
on Sp, 

y (1 - '^^){DirDl = V*V + —^Ri. (4.3) 
Here, m(A°) is —p^ and (1 — ^|^) is positive. 

Theorem 4.1. M^e define the differential operator D'^^ for 1 < k < N by 

:= Jl-'^Di . (4.4) 
y m(Ao) ^ ^ 

Then the following identity holds: 

^-E(^A.r5^. = v*v+-ii?;. (4.5) 

k>l ^ 

This Laplace type operator Ap is an elliptic second order operator on T{M, Sp). 
If M is compact, then Ap is non-negative and ker Ap is the intersection of 
ker D^^ for l<k<N. 

5 A lower bound of Ap on manifolds of posi- 
tive curvature 

We assume that M is a compact manifold of positive curvature in this section. 
In other words, there exists a constant r > such that the curvature R\d{'i ■) 
on the tangent bundle T{M) satisfies 

{RAd{u,v)v,u) > 2r{u,u){v,v) for any u and v in T{M) . (5.1) 
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Then the curvature transformation on Sp has a lower bound as follows: 
for in Sp, 

{Rl<P,(p) = ^C^T^p{[ei,ej])Rp{ei,ej)4>,^) 

= ^ ^{RAd{ei,ej)ek,ei){7rp{[ei,ej])TTp{[ek,ei])(l),^) ,^ 
i,j,k,i ^ ■ ' 

- ^ "^(^pd^i^ ej])7rp([ej, ei])0, 0) 

= -2rc(p)(0,0), 

where c(p) is a negative constant due to the Casimir operator on Vp in ( |1.8|) . 

Theorem 5.1. Let M be a compact manifold of positive curvature as above 
and Ap be the Laplace type operator on r(M, Sp) given in ([4.5|) . The first 
eigenvalue A" of Ap has a lower bound, 

A° > > 0. (5.3) 



// the equality holds in (|5.3f ), then the eigensections with the first eigenvalue 
A° are in ker D'^^ and ker D'^^ for 1 < k < N — 1. 

Proof. We remark that m{Xj\f) > and, for any k, 

m(Ao)m(A7v) ^ m(Ao)m(Afc) 



m(Ao)-m(AAr) m(Ao)-m(Afc)' 
We have known the following identities: 

" ^^^^ m(Ao) - m(Afc) ^ 
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Then 



^ m(Ao)m(Ajv) „ 2 
^m(Ao)-m(A^)"'^^^'^" 
.-■.y.-u, ,-.,,.,,v, ^ m(Ao)m(Afc) ^ 2 

> ""7^ •:?"r (-Mp))(0,0)- 



This inequahty leads us to the proposition. 



m(Ao) - 


-m(AAr) 


m(Ao^ 


Im(AAr) 


m(Ao) ■ 


- "^(Aat) 


m(Ao; 


)m(AAr) 


m(Ao) - 


- "^(Aat) 


m(Ao^ 


Im(AAr) 


m(Ao) - 


- m{XN) 


m(Ao 


)m{\t) 


m(Ao) - 


- m{\N) 


m(Ao; 


)m(A7v) 



Example 5.1 (Differential form) . We give a lower bound of the first eigen- 
value A° oidd*+d*don K^{M), where M is a compact n-dimensional manifold 
of positive curvature. From the above theorem, we have A° > k{n — k + l)r 
for 1 < A; < [|]. If the equality holds in the equation, the eigensections with 
the eigenvalue A° is in ker C fl ker d. This lower bound coincides with the one 
given in 
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A Appendix: Conformal invariance of the higher 
spin Dirac operator 

In [Q, Fegan shows that all the higher spin Dirac operators are conformal 
invariant first order differential operators. We show the conformal invariance 
of explicitly by using the Clifford homomorphisms. Let (M, g) be a spin 
manifold with Riemannian metric g. We deform the metric g conformally to 
g' := e^'^^^)^, where (j{x) is a scalar function on M. We denote the objects 
associated to g' by adding a symbol " ' " to them: for example, Spin'(M), 
S'p and so on. 
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The isomorphism between the orthonormal frame bundles SO(M) and 
SO'(M) is reahzed by the mapping 

^ : SO(M) 3 {e,}, ^ {e[ := e-'^e,}, G SO'(M). (A.l) 

This mapping is hfted to the isomorphism for spin bundles and induces a 
bundle isometry ipp : Sp ^ S'^ for each associated bundle such that ip\ o 
Pxi^i) — ^'^Pxi^i) ° i^p- The covariant derivatives V and V on T{M, Sp) and 
r(M, S^) are related as follows (for the spinor case, see and p5|): 

Vx = ° {Vx0 + ^7r,([grad(a), X])} o (A.2) 

where X is any vector field on M. This relation implies a relation for the 
higher spin Dirac operator. 

Lemma A.l. The higher spin Dirac operators D'^ and D"^ associated to 
metric g and g' respectively are related as follows: 

D'i = e-'^i;, o {D^ + m(AK(grad(a))} o (A.3) 

Proof. For (p in T{M, Sp), we have 

= EPA(e.)V;o^(0) 

= ^Piiei)^P ° {Ve,0 + ^7rp([grad(a), ei])(f)} 

= e-^tpx o {^p^(e,)(Ve,0+ ^7rp([grad(a),e,])</.)} 
= e->A o {^A*^ + m(A)p^(grad((T))0} ( from (U)). 

■ 

The usual Dirac operator D satisfies that D o f = grad(/) ■ +fD, where / is 
any smooth function on M. The higher spin Dirac operator has the similar 
property. 

Lemma A.2. For any smooth function f on M , we have 

Diof = p{{gTad{f)) + fDi. (A.4) 
The above two lemma gives us the conformal invariance of the operator 

D'l = (c-^'^^^^+^^'V^a) o ^a ° (e-'"(^^"V^p)-^ (A.5) 
In particular, we have dimkerZ}'^ = dimkerD^. 
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